In this paper we show that the critical Eisenstein series of weight 2, E critp 2 , is smooth in the eigencurve C(l 1 ), where l 1 is a prime, but it is reducible in the eigencurve C(l 1 l 2 ), for l 1 = l 2 distinct primes. Further, we show that, E critp 2 , isétale over the weight space in the eigencurve C(l 1 ). As a consequence we show that level lowering conjecture of Paulin fails at E critp,ord l 1 2 ; we give a modified version of Paulin's conjecture to incorporate this situation.
Introduction
Coleman and Mazur introduced ( [8] ) a rigid analytic curve C parametrizing finite slope overconvergent p-adic eigenforms of tame level 1, called eigencurve. This was axiomatized and generalized by Buzzard( [7] ) to general levels using Hecke algebras. Buzzard's Eigenvariety Machine feeds in a family of p-adic Banach spaces(like space of overconvergent automorphic forms), and gets out geometric object called Eigenvarieties.
It was known due to work of Hida [10] that ordinary classical points on the eigencurve are smooth andétale over the weight space. Coleman and Mazur [8] showed for tame level 1, and Kisin [11] for arbitrary tame level eigencurve, that the non-critical classical points are smooth andétale over the weight space. For k > 2, Bellaïche and Chenevier [1] proved that the critical Eisenstein series E critp k is a smooth point which isétale over the weight space. On the other hand, for the weight 1 case, it is shown by the work of Bellaïche and Dimitrov [6] , that at regular points the eigencurve is smooth over the weight space. By the work of Dimitrov and Ghate [9] it is known that non regular weight 1 modular forms can be non smooth over the weight space. So the only possible example of non-smooth classical points of weight greater equal two is the critical (generalized) Eisenstein series of weight two.
In this paper, we show that the critical Eisenstein series of weight 2 is smooth andétale over the weight space in the eigencurve C(l 1 ), but it is non smooth (in-fact reducible) in the eigencurve C(l 1 l 2 ).
Let us fix a prime p and an integer N, such that p ∤ N. Let W := Hom cont (Z * p , C * p ) be the weight space. Here C p is the completion of a fixed algebraic closure of Q p . Let H be the Hecke algebra generated by the Hecke operators T l for l ∤ Np and the Atkin-Lehner operator U p , that is, it is generated by all 'good' Hecke operators. Fix a compact open subgroup Γ ⊂ Gl(2, A f ), containing the principal congruence subgroup Γ 1 (N); here A f is the ring of finite adeles over Q. Let W ⊂ W be an affinoid open. Then H acts on the space of p-adic overconvergent modular forms of level Γ, with weights in W . Let us denote by C(N) the tame level N eigencurve associated to this data, constructed via Buzzard's eigenvariety machine [7, 8] ; it is a rigid analytic curve over Q p . Classical points in C(N) are in bijection with H-system of eigenvalues of classical modular forms of level N. Classical points are Zariski dense in C(N). A point in the eigencurve is a H-system of eigenvalues of an overconvergent p-adic modular form of finite slope. Moreover, if N 1 |N, then we have C(N 1 ) ֒→ C(N).
We denote by E critp 2 the point in the eigencurve C(N) corresponding to the system of eigenvalues given by {a ℓ = 1 + ℓ, a p = p} ℓ∤N p .
Let H f ull be the Hecke algebra generated by the Hecke operators T l for l ∤ Np, U l for l|N and the Atkin-Lehner operator U p , that is, it is generated by all Hecke operators. Let C f ull (N) be the full eigencurve of tame level N. Classical points in C f ull (N) are in bijection with H f ull -system of eigenvalues of classical modular forms of level N. Since H f ull -system of eigenvalue of a classical modular form uniquely determines the classical modular form, classical points of C f ull (N) are classical modular form of level N. Classical points are Zariski dense in C f ull (N). A point in the full eigencurve is a H f ull -system of eigenvalue of an overconvergent p-adic modular form of finite slope. Since H ֒→ H f ull , by construction we have we have a surjective map f :
Let C 0,f ull (N) be the full cuspidal eigencurve of tame level N. Classical points in C 0,f ull (N) are in bijection with H f ull -system of eigenvalues of classical cusp forms of level N. Since H f ull -system of eigenvalue of a classical cusp form uniquely determines the classical cusp form, classical points of C 0,f ull (N) are classical cusp form of level N. Classical points are Zariski dense in C 0,f ull (N). A point in the full cuspidal eigencurve is a H f ull -system of eigenvalue of an overconvergent p-adic cusp form of finite slope. By construction, we have an injection C 0,f ull (N) ֒→ C f ull (N). For details about full eigencurve or full cuspidal eigencurve, we refer reader to [7] .
) naturally comes equipped with a universal pseudocharacter of dimension 2, T :
) is a point, we denote the specialization at x by T x : G Q,N p → O x , which we will also denote by T .
In this paper we study geometry of the eigencurve (C(N), C f ull (N) and C 0,f ull (N)) at critical Eisenstein series of weight 2.
Theorem A. Let ℓ 1 = p a prime. Eigencurve C(ℓ 1 ) is smooth andétale over the weight space at E critp 2 . This is a combination of Theorem 2.4 and Theorem 3.8. Our approach to prove C(ℓ 1 ) is smooth at E critp 2 is similar to the method of Bellaiche and Chenevier as in [1] . In order to show that in C(ℓ 1 ), E critp 2 isétale over the weight space, we prove that the reducibility locus I p of T | G Qp is the maximal ideal.
Theorem B. Let χ be a primitive Dirichlet character of conductor ℓ, where ℓ is a prime. Then the eigencurve C(ℓ 2 ) is smooth at the point corresponding to generalized critical Eisenstein series of weight 2, E critp 2,χ −1 ,χ .
Our proof of Theorem B, is similar to that of smoothness as in Theorem A, one needs to be careful whether χ 2 is trivial character or not. This result is combination of Proposition 2.6 and Proposition 2.7. One should note that this result does not follow immediately from [1] (and [2] ), as ǫ = χ · χ −1 = 1.
Example A. Let ℓ 1 , ℓ 2 = p be two distinct primes. Then the eigencurve C(ℓ 1 ℓ 2 ) is reducible at the point E critp 2 . This is Proposition 2.5. This gives us an example of non smooth classical point of weight 2 in the eigencurve. As mentioned in the beginning of the section, the only possible nonsmooth classical point of weight greater than equal to 2 in the eigencurve are (generalized) critical Eisenstein series of weight 2. And we show that critical Eisenstein series of weight 2 is non-smooth in an eigencurve of appropriate level.
We also prove the following result regarding the smoothness of E critp,ord l 1 2 in the full and full cuspidal eigencurve.
is smooth in C f ull (ℓ 1 ) and
This is Proposition 4.1. We show that the map f :
is smooth in C(ℓ 1 ), the result follows.
As a consequence of Proposition A, we see that the level lowering conjecture of Paulin (see [13] 2 Example of non smooth classical point of weight 2
∈ C(N), and A = O x and G = G Q,N p . Let m be the maximal ideal of A and k = A/m. Specializing T at x, we get a pseudocharacter 
We also have the following lemma:
Lemma 2.2. Let B, C be finitely generated torsion free A-modules, and
An important ingredient in our proof will be a version of Kisin's lemma proved in [1] (also see [11] ).
φ=Up is free of rank 1 over A/J, here D is the decomposition group at p.
Let us fix a prime l 1 = p. First, we want to show that the eigencurve C(l 1 ) is smooth at
. We have a pseudocharacter , where ℓ 1 is a prime.
Proof. Let x be the point E critp 2 in C(ℓ 1 ). Let A = O x be the local ring at x and let m be the maximal ideal. Then we have a pseudocharacter T :
p , where ω p is the p-adic cyclotomic character, thus we have (using proposition 2.1)
But by applying Kisin's lemma (2.3), we easily see that, (B/mB) ∨ actually sits inside a subgroup of
To see this, let ρ be a representation of G Q,l 1 p , which is an extension of ω
p by 1 and is in the image of i B . We have an exact sequence
By the left exactness of the functor D cris , we see D cris (ρ| G Qp ) contains D cris (1| G Qp ), which is generated by a nonzero eigenvector of eigenvalue 1. Applying Kisin's Lemma (2.3) with J = m, tells us that D cris (ρ| G Qp ) contains a nonzero eigenvector of eigenvalue that of ω −1 p . Thus D cris (ρ| G Qp ) has dimension 2, in other words, ρ is crystalline at p. Now we want to compute the dimension of this Selmer group using the dimension formula [3,
Since ω *
, there is no contribution coming from the local terms other than v = l 1 , p, ∞. Let us compute the dimension of the remaining terms. From two global terms we have, 
Thus all the inequalities are actually equalities, and hence A is regular local ring of dimension 1. Thus A is DVR and the eigencurve is smooth at x. Now we will use theorem 2.4 to construct an example of a non-smooth classical point of weight 2 in the eigencurve.
Proposition 2.5. The eigencurve C(ℓ 1 ℓ 2 ) of tame level ℓ 1 ℓ 2 , is not smooth (it is reducible) at the point E critp 2 corresponding to the system of eigenvalues (a l = 1 + l, a p = p) l =l 1 ,l 2 , where ℓ 1 , ℓ 2 are two distinct primes.
Proof. Since C(ℓ 1 ) ֒→ C(ℓ 1 ℓ 2 ) ←֓ C(ℓ 2 ) and C(ℓ 1 ), C(ℓ 2 ) , C(ℓ 1 ℓ 2 ), are equidimensional of dimension 1, C(ℓ 1 ) and C(ℓ 2 ) lie as union of components inside C(ℓ 1 ℓ 2 ). E critp 2 is a point in C(ℓ 1 ℓ 2 ) and it lies both in C(ℓ 1 ) and in C(ℓ 2 ). By Theorem 2.4, E critp 2 is smooth in both C(ℓ 1 ) and C(ℓ 2 ). If these two components were same, then in the component at a Zariski dense set of points, the associated Galois representation ρ f would be unramified everywhere except p and crystalline at p. Then we will have (B/mB)
, where the local conditions L v are given by,
Now using the formula [3, Proposition 2.7] to compute the dimension of this Selmer group, we see that the dimension of this Selmer group is 0, since at the only contribution are 1 from the local term at p and −1 from the global term. Which is a contradiction. Hence the component coming from C(ℓ 1 ) and C(ℓ 2 ) are distinct.
Let χ is a Dirichlet character of conductor ℓ, where ℓ = p is a prime. We will show that the eigencurve C(ℓ 2 ) is smooth at the point corresponding to the generalized Eisenstein series E Proof. Let y be the point in C(ℓ 2 ) corresponding to E critp 2,χ −1 ,χ . Let A = O y be the local ring at y and m be the maximal ideal. Then we have pseudocharacter T : G Q,lp → A, such that
p , here ω p is the p-adic cyclotomic character. By construction and proposition(2.1) we have
p ) is 1 dimensional we have g(C) = 1. We have, (B/mB) ∨ actually sits inside a subgroup of
, where the local Selmer conditions L v are given by
Notice that since we assume χ = χ −1 , we have χ 2 = 1. So now we want to compute the dimension of this Selmer group. We will use the dimension formula of Selmer group to compute this dimension.
Note that the first term vanishes because χ 2 ω p is pure of motivic weight -2, by the work of Soulé on Bloch-Kato conjecture [14] . Since dimH
, there is no contribution coming from the local terms other than v = l, p, ∞. Let us compute the dimension of the remaining terms. From two global terms we have,
Thus putting this all together we get, p , here ω p is the p-adic cyclotomic character. By construction and proposition(2.1) we have
p ) is 1 dimensional we have g(C) = 1. Notice that since we assume χ = χ −1 , we have χ 2 = 1. We have (B/mB) ∨ actually sits inside a subgroup of ω p ) , where the local Selmer conditions L v are given by
We have computed the dimension of this Selmer group to be 1 in Proposition 2.4.
we get that g(B) = 1. Since g(B) = g(C) = 1, we get that the reducibility ideal is the maximal ideal by work of Bellaiche and Chenevier ( [1] ), thus completing our proof as in 2.4.
E crit p 2
isétale over the weight space in C(l 1 )
In the previous section we proved that the eigencurve C(ℓ 1 ) is smooth at E critp 2
. In this section we will show that the eigencurve isétale at this point.
Let A be a discrete valuation domain and K be the field of fraction and k be the residue field of A. Let π denote a uniformizer of A. We will now describe the Bruhat-Tits tree of GL 2 (K). Two lattices Λ and Λ ′ are called homothetic if there exists x ∈ K * , such that Λ = xΛ ′ (x can always be chosen of the form π n , with n ∈ Z). Let X be the set of lattices in V upto homotheties. If Λ is a lattice, we denote by [Λ] ∈ X its equivalence class upto homotheties.
Definition 3.4. [4, Definition 1.4] We say a point x
′ is a neighbor of x ∈ X, if x ′ = x and there exists lattices Λ,
The notion x ′ is a neighbor of x is symmetric, and therefore the set X with this notion of neighbor is an undirected graph. So a path from x to x ′ is a sequence of points in X, x = x 0 , x 1 , . . . , x n = x ′ , such that for all i = 0, . . . , n − 1, x i is a neighbor of x i+1 . The integer n ≥ 0 is the length of the path. A path is called injective if x i = x j for all i = j ∈ {0, . . . , n}.
Proposition 3.5. [4, Proposition 1.3] The graph X is connected. If V is 2-dimensional vector space over K, then the graph X is simply connected, that is, there exists a unique injective path between any two points in X.
A graph that is connected and simply connected is called a tree. So the graph X is a tree for GL 2 (K). In a tree we define a segment [x, x ′ ] to be the set {x} if x = x ′ , and the set of points in the unique injective path from
and preserves the graph structure. Let ρ : G → GL K (V ) (dim V =2) be any representation that has a stable lattice. Let X be the tree of GL K (V ), and let C be the subset of X that are fixed by ρ(G); then C is nonempty and convex. If x ∈ C and (ii) x has exactly one neighbor in C if and only ifρ x is reducible but indecomposable. (iii) x has more than one neighbor in C if and only ifρ x is sum of two characters. The number of neighbors is 2 if the two character appearing inρ x are distinct. If they are equal, every neighbor of x ∈ X is in C.
Proposition 3.7. [4, Exercise 1.6] Assume K is complete, G be a compact group. Let ρ : G → GL K (V ) be an irreducible representation of dimension 2. Assume thatρ ss be sum of two distinct character χ 1 , χ 2 : G → k * . Let l be the length of the set C as described above. Let n = n(ρ) be the largest integer such that there exists two characters
With these notations we prove:
Theorem 3.8. The eigencurve C(l 1 ) isétale over the weight space at the point x = E critp 2 .
Proof. Let A = O x . Since the eigencurve is smooth at x, A is a discrete valuation domain.
The ideal of reducibility of T : G Q,l 1 p → A, is I = m = (π). So the length of the segment C is 1. By the work of Bellaiche and Chenevier it is known that the ideal of irreducibility of it is enough to show I p is also the maximal ideal.
Since A is a discrete valuation domain, we know I p = (π n ) for some n. So, a priori, C p has length n. Also C ⊂ C p . We want to prove C p also has length 1.
Since C has length 1, it consists of 2 points, say x 0 and x 1 . Since both these points have exactly 1 neighbor, by 3.6 ,ρ x i is reducible but indecomposable. Sayρ 
We have a map res :
it is generated by l 1 . On the other hand,
Under the restriction map l 1 goes to l 1 . So the map res :
Hence the element corresponding toρ x 0 under the restriction maps to a nonzero element of H 1 (G Qp , ω p ). Hencē ρ x 0 |G Qp is reducible but indecomposable as well, hence it has exactly one neighbor in C p .
Suppose C p consists of the segment [y 0 , y n ], and the path connecting y 0 to y n is y 0 , y 1 , . . . , y n . Since the point corresponding toρ x 0 |G Qp has exactly one neighbor, it is one of the end points. So, without loss of generality, let y 0 be the point corresponding toρ x 0 |G Qp . 
Now we considerρ
We also have an exact sequence from the definition of Selmer group as:
p ). Thus we have an exact sequence: 
Hence the element corresponding toρ x 1 under the map f maps to a nonzero element of H 1 (G Qp , ω −1 p ), hence it is reducible but indecomposable as well, hence it has exactly one neighbor in C p . Thus it corresponds to the point y n .
Since C ⊂ C p , and since x 0 → y 0 and x 1 → y n , we have n = 1. Thus I p = (π) = m. 
We saw that the dimension of this Selmer group is 0 in 2.5, which is a contradiction. Any new form under the map f has only 1 preimage since a new form at l 1 is uniquely determined by the eigenvalue of Hecke operators away from l 1 . Hence f is a local isomorphism at x. Since the point x is smooth in C(l 1 ), the point E critp,ord l 1 2
is smooth in C f ull (l 1 ). Since C 0,f ull (l 1 ) ֒→ C f ull (l 1 ) and both are equidimensional of dimension 1 and If κ ∈ C 0,f ull (l 1 )(C p ), we denote the specialization to κ by T κ . A theorem of R. Taylor ensures that T κ is trace of a continuous semi simple 2 dimensional representation ρ κ over C p .
